Abstract. We give a realization of the Kirillov-Reshetikhin crystal B 1,s using Nakajima monomials for sln using the crystal structure given by Kashiwara. We describe the tensor product N i=1 B 1,s i in terms of a shift of indices, allowing us to recover the Kyoto path model. We give a description of the limit of the coherent family of crystals {B 1,s } ∞ s=1 using Nakajima monomials, which allows us to recover the path model for B(∞). Additionally, we give a model for the KR crystals B r,1 using Nakajima monomials.
Introduction
A special class of finite-dimensional modules of the derived subalgebra of the Drinfel'd-Jimbo quantum group U ′ q ( sl n ) called Kirillov-Reshetikhin (KR) modules have received significant attention over the past 20 years. KR modules have many remarkable properties and deep connections with mathematical physics. For example, KR modules arise in the study of certain solvable lattice models [BBB16, JM95, KP84] . Their characters (resp. q-characters [FM01, FR99] ) satisfy the Q-system (resp. T-system) relations, which come from a certain cluster algebra [DFK09, Her10, Nak03a] . This gives a fermionic formula interpretation and a relation to the string hypothesis in the Bethe ansatz for solving Heisenberg spin chains. The graded characters of (resp. Demazure submodules of) tensor products of certain KR modules, the fundamental representations, are also (resp. nonsymmetric) Macdonald polynomials at t = 0 [LNS + 14, LNS + 16b] (resp. [LNS + 15] ). In the seminal papers [Kas90, Kas91] , Kashiwara defined the crystal basis of a representation of a quantum group, which is a basis that is well-behaved in the q → 0 limit and affords a combinatorial description. Furthermore, he showed every irreducible highest weight representation admits a crystal basis B(λ). While KR modules are cyclic modules, they are not highest weight modules. Yet, KR modules for U ′ q ( sl n ) admit crystal bases [KKM + 92b] (conjecturally for all affine types [HKO + 99, HKO + 02], which is known for non-exceptional types [OS12] and some other special cases [JS10, KMOY07, Yam98] ), which are known as Kirillov-Reshetikhin (KR) crystals, and contain even further connections to mathematical physics. For example, KR crystals are in bijection with combinatorial objects that arise naturally from the Bethe ansatz called rigged configurations [KKR86, KR86, KSS02, DS06] . KR crystals B 1,s can be used to model the TakahashiSatsuma box-ball system [TS90] , where rigged configurations are invariants called action-angle variables [KOS + 06, Tak05]. They are also perfect crystals [FOS10] , and therefore, they can be used to construct the Kyoto path model [KKM + 92a, KKM + 92b, OSS03], which came from the study of 2D solvable lattice models and Baxter's corner transfer matrix [Bax89] .
Despite intense study, relatively little is understood about KR crystals. In particular, there is currently not a combinatorial model for KR crystals where all crystal operators are given by the same rules, the model is valid for general B r,s , and the model is given uniformly across all affine types. By using the decomposition into U q (sl n )-crystals and the Dynkin diagram automorphism, we can lift the tableaux model of [KN94] to a model for KR crystals for U ′ q ( sl n ) [Shi02] . However, this process 2010 Mathematics Subject Classification. 05E10, 17B37. Key words and phrases. crystal, Nakajima monomial, quantum group, Kirillov-Reshetikhin crystal. The authors were partially supported by RTG grant NSF/DMS-1148634.
obscures the affine crystal operators as it uses the promotion operator of Schützenberger [Sch72] , and so it is desirable to have a model where all of the crystal operators are given by the same rules. A similar procedure was utilized in [FOS09, JS10] , but using type-dependent information and it fails for type E
(1) 8 due to the Dynkin diagram not admitting any non-trivial automorphisms. Partial progress has been made on this problem. Naito and Sagaki constructed a model uniform across all types for tensor products of B r,1 by using the usual crystal structure on LakshmibaiSeshadri (LS) paths for level-zero representations and projecting onto the classical weight space [NS03, NS05, NS06b, NS06a, NS08] . There is another description of these paths called quantum LS paths [LNS + 14, LNS + 16a]. Lenart and Lubovsky performed a similar construction using a discrete version of quantum LS paths called the quantum alcove path model [LL15] . Yet, it is not known how to extend these models for general B r,s . On the other side, models for B r,s were constructed in [Kus13, Kus16, Kwo13] for type A (1) n , but these are not known to extend (uniformly) to other affine types.
There is a t-analog of q-characters (or q, t-characters for short) that was studied by Nakajima [Nak01, Nak03a, Nak03b, Nak04, Nak10]. From this study, Nakajima gave a U q (sl n )-crystal structure on the monomials that appear in the q-character [Nak03b] . Based on this model, Kashiwara [Kas03] independently constructed a different crystal structure on the q-character monomials. These two crystal structures were later simultaneously generalized by Sam and Tingley [ST14] , where a connection to quiver varieties was also made. This is known as the Nakajima monomial model. We note that Kashiwara's crystal structure works for U q ( sl n )-crystals B(λ), but Nakajima's is only valid when n is odd.
For an extremal level-zero crystal B(λ) (so λ is a level-zero weight), there exists an automor-
This was the construction of Naito and Sagaki previously mentioned, where the description was given explicitly in terms of LS paths. A similar construction was given for Nakajima monomials by Hernandez and Nakajima [HN06] .
Nakajima's q, t-characters have also been well-studied using a variety of techniques. While their definition is combinatorial, Nakajima used quiver varieties to show their existence in simply-laced types [Nak04] . Hernandez reformulated the definition to be purely algebraic by using a t-analog of screening operators [Her04] . Nakajima also showed that q, t-characters can be used to determine the change of basis from standard to simple U q ( sl n )-modules in the Grothendieck group [Nak01] . From this, Kodera and Naoi showed that the graded decomposition of a standard modules in terms of simple modules categorifies the graded decomposition into U q (sl n )-modules of a tensor product of fundamental representations [KN12] . The graded decomposition polynomials in this case are also Kostka polynomials [KSS02] and are a specialization of Macdonald polynomials at t = 0. The q, t-characters are also related to the natural Jordan filtration of ℓ-weight spaces by the Heisenberg subalgebra of U q ( sl n ) [Zeg15] . Furthermore, Qin used a slight variation of q, t-characters to realize the generic basis, the dual PBW basis, and the canonical basis of a quantum cluster algebra [Qin14] .
Cluster algebras [FZ02] also have strong connections to characters of KR crystals and Nakajima monomials. Hernandez and Leclerc gave an algorithm to compute q-characters as cluster variables of a cluster algebra from a certain semi-infinite quiver [HL16] . For a double Bruhat cell G u,v = BuB ∩ B − vB − , the coordinate ring C [G u,v ] is an upper cluster algebra whose generalized minors are the cluster variables [BFZ05] . Kanakubo and Nakashima showed that the generalized minors of G u,e can be expressed as the sum over the Nakajima monomials in a Demazure subcrystal [KN15] . A further connection between cluster variables in C[G u,u
−1 ], with u a Coxeter element, and representation theory was given by Rupel, Stella, and Williams in [RSW16] . In particular, they show the regular cluster variables in the coordinate ring of the loop group of SL n are restrictions of generalized minors of level-zero representations. The specialization of nonsymmetric Macdonald polynomials at t = ∞ can also be described as a Demazure submodule of a tensor product of fundamental representations [NNS15] , which satisfy the quantum Q-system relations of [DFK15, DFK16] .
All of this suggests that there should exist a natural description of tensor products of KR crystals in terms of Nakajima monomials. Indeed, q, t-characters are given as the sum over Nakajima monomials graded by energy, which admit a classical crystal structure. Therefore, it is evidence that the entire q, t-character could be constructed by adding 0-arrows to get a tensor product of KR crystals.
The main result of this paper is a model for the KR crystal B 1,s in type A
(1) n using Nakajima monomials. From this construction, we are able to describe the tensor product of KR crystals
1,si using only Nakajima monomials (i.e., no tensor products). Furthermore, we are able to recover the Kyoto path model. From this construction, we are able to relate the models of [ST14, Tin08] with the Kyoto path model. We also extend our construction to give a Nakajima monomial description of the coherent limit B ∞ , where we recover the analog of the Kyoto path model for B(∞) and the characterization of B(∞) given in [KKS07, Thm. 5.1].
The results of our paper suggest a crystal interpretation for the fusion construction of [KKM + 92a, KKM + 92b]. Indeed, the kernel of the R-matrix is approximately given by a commutator relation on the elements of B 1,1 , which are uniquely determined by the variables X i,k . By considering the tensor product as multiplication, we can relate our construction with the kernel of the Rmatrix. Furthermore, our construction gives an explanation of the link between the Nakajima monomial model, the abacus model, multipartition model, and quiver varieties that was explored in [ST14, Tin08, Tin10] . While our model does not naturally extend to general B r,s or to other affine types, there is evidence that our construction can be modified to the general case.
We now give one potential application of our results. To do so, we recall that geometric crystals were introduced by Berenstein and Kazhdan [BK00, BK07] , where the U q (sl n )-crystal structure of B(∞) is lifted to actions on algebraic varieties. This was generalized to a lifting of certain U q ( sl n )-crystals using Schubert varieties [Nak05] . Nakashima has lifted Nakajima monomials to describe the decoration function of geometric crystals (specifically as generalized minors) in [Nak14] and made a connection to the polyhedral model in [Nak13] . There is also a lifting of the U ′ q ( sl n )-crystal B ∞ to the geometric setting given in [KNO08] and the coherent limits of {B r,s } ∞ s=1 in [MN16] . The geometric R-matrix has also been studied [KNO10, Yam01] , which was then used to relate a quotient of the liftings of B ∞ to the unipotent loop group in [LP11] .
We expect that our results can be lifted to a statement on geometric crystals, connecting the results of Nakashima with the work on geometric analogs of B ∞ . Furthermore, we believe our results could be used to construct a geometric lifting of the path model embeddings and give a geometric lifting of highest weight U q ( sl n )-crystals. We also believe that our results could give a connection to the cluster algebra (geometric) R-matrices that were recently introduced in [ILP16] .
We also consider our results as evidence of a deep connection between cluster algebras, q, tcharacters, and KR crystals. Indeed, KR modules could be considered as loop group representations and are closely related to level-zero representations as mentioned above. Furthermore, after removing certain 0-arrows, KR crystals are Demazure subcrystals of affine highest weight crystals [ST12] . Therefore, we believe that the Nakajima monomials appearing in a realization of general KR crystals to give a connection between the work of [HL16, KN15, Nak05, Nak14, RSW16]. This paper is organized as follows. In Section 2, we give a background on crystals, KR crystals, Nakajima monomials, and the Kyoto path model. In Section 3, we construct a model for B 1,s using Nakajima monomials. In Section 4, we give a method to construct tensor products of KR crystals as a map on Nakajima monomials and relate our construction to the Kyoto path model. In Section 5, we describe the crystal corresponding to the coherent limit of
. In Section 6, we describe the relationship between our model and other models for highest weight U q ( sl n )-crystals, generalizations of our model to B r,1 , and possible extensions to other types. 
Background
In this section, we provide the necessary background.
2.1. Crystals. Let sl n be the affine Kac-Moody Lie algebra of type A
(1)
n−1 with index set I = {0, 1, . . . , n − 1}, Cartan matrix (a ij ) i,j∈I , simple roots {α i } i∈I , simple coroots {h i } i∈I , fundamental weights {Λ i } i∈I , weight lattice P = span Z {Λ i | i ∈ I}, dual weight lattice P ∨ , canonical pairing , : P ∨ × P → Z given by h i , α j = a ij , and quantum group U q ( sl n ). See Figure 1 for the Dynkin diagram of sl n . Let P + = span Z ≥0 {Λ i | i ∈ I} denote the dominant integral weights. Note that sl n is the canonical simple Lie algebra given by the index set I 0 = I \ {0}. Let Λ i denote the natural projection of Λ i onto the weight lattice P of sl n . Let c = h 0 + h 1 + · · · + h n−1 denote the canonical central element of sl n . We define the level of a weight λ as c, λ . Let P + s := {λ ∈ P + | c, λ = s} denote the set of level s weights.
, and let δ = α 0 + α 1 · · · + α n−1 denote the null root. Note that the U ′ q ( sl n ) fundamental weights and simple roots are also given by {Λ i } i∈I and {α i } i∈I , respectively, but are considered in the weight lattice P/Zδ.
An abstract U q ( sl n )-crystal is a set B with crystal operators e i , f i : B → B⊔{0} for i ∈ I, statistics ε i , ϕ i : B → Z ⊔ {−∞}, and weight function wt : B → P that satisfy the following conditions for all i ∈ I:
We say an element b ∈ B is highest weight if e i b = 0 for all i ∈ I. If B is a U ′ q ( sl n )-crystal, then we say b ∈ B is classically highest weight if e i b = 0 for all i ∈ I 0 . We say an abstract We call an abstract
Kashiwara showed in [Kas91] that the irreducible highest weight U q (g)-module V (λ) admits a crystal basis, where g is a symmetrizable Kac-Moody Lie algebra and λ is a dominant integrable weight. We denote this crystal basis by B(λ), and let u λ ∈ B(λ) denote the unique highest weight element, which is the unique element of weight λ. There is also an analog of the crystal corresponding to the lower half of U q (g) denoted by B(∞), and let u ∞ denote the highest weight element of B(∞).
We define the tensor product of abstract U q ( sl n )-crystals B 1 and B 2 as the crystal B 2 ⊗ B 1 that is the Cartesian product B 2 × B 1 with the crystal structure
Remark 2.2. Our tensor product convention is opposite of Kashiwara [Kas91] .
Let B 1 and B 2 be two abstract U q (g)-crystals. A crystal morphism ψ : B 1 → B 2 is a map B 1 ⊔ {0} → B 2 ⊔ {0} with ψ(0) = 0 such that the following properties hold for all b ∈ B 1 :
(
An embedding and isomorphism is a crystal morphism such that the induced map B 1 ⊔{0} → B 2 ⊔{0} is an embedding and bijection respectively. A crystal morphism is strict if it commutes with all crystal operators.
2.2. Nakajima monomials. Next, we recall the Nakajima monomial realization of crystals following [ST14] .
Let M denote the set of Laurent monomials in the commuting variables {Y i,k } i∈I,k∈Z . Fix an integer K, and then fix integers c i,i+1 and c i+1,i such that K = c i,i+1 + c i+1,i for all i ∈ I, where all indices are taken mod n. For a monomial m = i∈I k∈Z Y
where
We note that the crystal structure of Kashiwara [Kas03] is when K = 1, and that of Nakajima [Nak03b] is when c i,i+1 = c i+1,i = 1 for all i ∈ I. Note that in the case of Nakajima, we prohibit odd length cycles in the Dynkin diagram; that is, we can only consider types sl 2k+1 .
Let M(m) denote the closure of m under the crystal operators e i and f i for all i ∈ I.
For convenience, we define
, and we denote 1 = Y 0 , where 0 ∈ P + . We also define M(λ) := M(Y λ ). We modify the definition of k f (m) to only be the finite partial sums 0 ≤ s ≤ k:
Next, we define the modified crystal operator
There is also another set of variables
introduced in [KKS07] , which was used in their description of M(∞) in type A
n . Unless otherwise stated, we consider c ij = 1 if (i, j) = (n, 0) or i < j when (i, j) = (0, n) and c ij = 0 otherwise (hence K = 1). Note that this corresponds to orienting the Dynkin diagram into an ordered cycle, where we draw an arrow i → i + 1 implying c i,i+1 = 1 and the other values c i,j for j = i ± 1 do not affect the crystal structure. λ ∈ B r,s such that
Additionally, we have B r,s ∼ = B(sΛ r ) as U q (sl n )-crystals. Next, recall that the Dynkin diagram automorphism i → i + 1 mod n induces a (twisted) U q ( sl n )-crystal isomorphism pr : B r,s → B r,s called the promotion isomorphism [Shi02] . On semistandard tableaux [KN94] , the map pr is the (weak) promotion operator of Schützenberger [Sch72] . Hence, B r,s is a regular crystal, and we define the remaining crystal structure on B r,s by
where k 0 is such that wt(b), c = 0 (i.e., it is a level 0 weight). We will be focusing on the KR crystal B 1,s , which is the crystal that naturally corresponds to the vector representation of W 1,s . We have
with the crystal structure
where all indices are understood mod n. Note that B 1,s is a regular crystal. We will also need the affinization of a U ′ q ( sl n )-crystal B, which is defined as follows. The affinization of B is the U q ( sl n )-crystal B = {b(k) | b ∈ B, k ∈ Z}, whose crystal structure is given by
We can construct the coherent limit of the family {B 1,s } ∞ s=1 as follows. The coherent limit is given by
with the same crystal structure as in Equation (2.2) except e i (x 1 , . . . , x n ) = (x 1 , . . . , x i + 1, x i+1 − 1, . . . , x n ),
We note that B ∞ is generated by b ∞ = (0, 0, . . . , 0), but it is not a regular crystal. 
By iterating Ψ, we obtain the Kyoto path model . For a level s weight λ, we can construct a model for B(λ) by
since B 1,s is a perfect crystal of level s. Note that to define e i for Equation (2. 3), we consider e i b = 0 if it would be otherwise undefined. Furthermore, Ψ (+∞) (u λ ) is eventually cyclic and, for any b ∈ B(λ), the element Ψ (+∞) (b) only differs from Ψ (+∞) (u λ ) in a finite number of factors. Therefore, for any element b can consider Theorem 2.5 iterated N ≫ 1 times (that depends on b) Ψ (N ) (b) to define the crystal structure on the Kyoto path model using only the KR crystal B 1,s . We note that there are analogous results for U ′ q ( sl n )-crystals by considering the branching rule from
There is an analog of the Kyoto path model for B(∞) given by Kang, Kashiwara, and Misra [KKM94] by iterating the following isomorphism. 
Monomial realization of B

1,s
In this section, we describe the construction of B 1,s using Kashiwara's crystal structure of Nakajima monomials.
Define
Theorem 3.1. We have
and it is clear that Φ is a bijection. Thus it remains to show that Φ commutes with the crystal operators. We restrict to the variables only containing i. It is sufficient to consider
and note that we have used an alternative form of k e (see, e.g., [Kas03] ). Therefore, we have
where all indices are taken mod n. Similarly, we have e i Φ(x 1 , . . . , x n ) = Φ e i (x 1 , . . . , x n ) .
Note that we can define Φ(x 1 , . . . , x n ) = X Example 3.2. The crystal M 1,3 for sl 3 is given by Figure 2 . 
Relation to Kyoto path model
To define M 1,s , we considered the crystal generated from Y −s 0,1 Y s 1,0 . However, by shifting the monomials, we can construct an isomorphism with the tensor product. Indeed, let τ j be the map given by
where · denotes the usual multiplication in M, under the usual crystal operators.
Proof. Let Φ :
where Φ s k : B 1,s k → M 1,s k is the isomorphism given by Theorem 3.1. From the combinatorial Rmatrix and the commutativity of the Y i,k , we can assume without loss of generality that j 1 < j 2 < · · · < j N . 
Also, for all i ∈ I, we have y i,p = 0 for all p > j N , y ′ i,p = 0 for all p < j N or p > j N + 1. Thus, we have
. Hence, we have
Next, from Equation (4.1b), either ϕ i (m) obtains the maximum in
It is clear that wt(m ⊗ m ′ ) = wt(m) + wt(m ′ ) = wt(m · m ′ ). Thus it remains to show ψ commutes with the crystal operators.
Suppose k e (m · m ′ ) < j N . Thus, we must have
for some k from Equation (4.1a) as k e (m·m ′ ) is the maximum index. Hence, we have
from Equation (4.1a). Thus we have ϕ i (m ′ ) ≤ ε i (m). Therefore, we have
Suppose k f (m · m ′ ) < j N . Thus we must have
from Equation (4.1b) and that k f (m · m ′ ) is the minimal index. Thus, we have
as this is the minimal index such that ϕ i (m · m ′ ) is achieved from Equation (4.1b). Hence, we have ϕ i (m ′ ) > ε i (m). Therefore, we have
Theorem 4.2. Let λ ∈ P + be a level s weight. Let Ξ : B(λ) → M(λ) be the canonical isomorphism. Let Ψ : B(λ) → B 1,s ⊗ B(µ) be the isomorphism from Equation (2.4). Let Φ :
where Φ s : B 1,s → M 1,s and Φ µ : B(µ) → M(µ) be the isomorphisms from Theorem 3.1 and Theorem 2.3, respectively. Then the diagram
Proof. Note that the crystal operators imply that any m ∈ M(µ) does not contain any Y i,k with k ∈ Z <0 . To show the diagram commutes, it is sufficient to show that for b = b λ ⊗ u µ , we have
as the proof of Theorem 4.1 implies the crystal operators commute with Φ. From the definition of Ψ, we have ϕ(b λ ) = λ and ε(b λ ) = µ. Next, note that we have
Remark 4.3. Note that Theorem 4.2 implies that there exists an isomorphism
. This is also implied by the proof of Theorem 4.2, which gives an alternative proof of the existence of the isomorphism given by Equation (2.4) . Moreover, this also recovers Theorem 2.5. 
Therefore, by iterating the isomorphism Φ from Theorem 4.2, we have
By restricting the tensor product given above to a finite number of factors and not including the highest weight crystal, we have
Coherent limit and B(∞)
We describe the coherent limit B ∞ in terms of Nakajima monomials. Let M ∞ denote the coherent limit of M 1,s . We explicitly give the crystal structure on M ∞ as follows. We define
and consider M ∞ as the closure of 1 under the modified crystal operators
Proof. This is similar to the proof of Theorem 3.1.
The proof is similar to the proof of Theorem 4.1 and Theorem 4.2.
Note that Theorem 5.2 is the Nakajima monomial version of Theorem 2.6. Hence, we recover the path model for B(∞) and [KKS07, Thm. 5.1].
Extensions and Connections
In this section, we give some connections of our results to other crystal models. We also give (potential) extensions of our results to B r,1 and other types.
6.1. Single columns. We can only do B 1,s in type A
(1) n using Kashiwara's crystal structure without a quotient precisely because the Dynkin diagram contains a directed cycle. We never repeat an f i along any path from b ∈ B 1,s back to itself which matches that of the path in the Dynkin diagram. So we never increase our indices. This is false in all other orientations of the Dynkin diagram. However, we are able to construct B r,1 using a modification of Nakajima monomials. We note that elements of B r,1 can be described by (x 1 , . . . , x n ) such that 0 ≤ x i ≤ 1 and n i=1 x i = r with the crystal structure the same as the vector representation given in Section 2.3. Hence, we have the following fact, which does not appear in the literature as far as we are aware, but is likely known to experts.
Proposition 6.1. There exists a crystal embedding B r,1 → B 1,r .
Therefore, we can quotient our monomials by X Proposition 6.2. For any k ∈ Z, we have
Recall that the highest weight U q (sl n )-crystal B(Λ r ) corresponding to B r,1 can be constructed from the exterior product of the basic representation B(Λ 1 ) of U ′ q (sl n ). Therefore, it is more natural to consider the variables X i,k as anticommuting variables to describe B(Λ r ) using Nakajima monomials (up to a sign).
6.2.
Relations to other models. Recall the abacus model from [Tin08] , where we model B(λ) by ℓ strings, with ℓ being the level of λ, with beads and the crystal operators act by moving a bead. Fix some abacus configuration ψ. Let ψ k i denote the number of beads such that it is the k-th bead in a string in position i modulo n. Define
and we note that this is just a translation of the map J described in [Tin08, Thm. 5.1] in terms of our Nakajima monomial model. Therefore, Φ is a U ′ q ( sl n )-crystal isomorphism. Additionally, a bijection between Nakajima monomials and quiver varieties was constructed in [ST14, Thm.8.5]. Indeed, we realize B 1,1 by the quiver variety represented by an infinite string of arrows
where f i [b] adds an arrow b → b + 1 if b ≡ i mod n and is 0 otherwise. We can consider this as an infinite number of bins with a single ball, where the crystal operator f i moves the ball if it is in the b-th bin, where b ≡ i mod n. Thus, we can model B 1,1 by considering the bins in a cycle of length n. Furthermore, from the projection of B 1,1 onto B 1,1 , we expect a description of B 1,1 using cyclic quiver varieties.
We can extend this ball-bin model into We can also realize B r,1 by considering the n bins placed on a cycle, but now each bin can hold at most one ball. The crystal operators f i acts by moving a ball from bin i to bin i + 1 if possible, and otherwise is defined as 0.
We recall that bijections between the partition model, the abacus model, and cylindric plane partition model for B(λ) are given in [Tin08] . A bijection Ξ between the Nakajima monomial model and the partition model for B(Λ i ) was given in [Tin10] . Thus, our bijection Φ connects these two results, and moreover, generalizes the bijection Ξ to higher levels.
6.3. R-matrix kernel and other types. From Theorem 4.1, we can construct the tensor product B 1,1 ⊗ B 1,1 by considering the product M 1,1 with its shifted version τ 1 (M 1,1 ). However, if we want to avoid the shift, we can still construct M 1,1 ⊗ M 1,1 by multiplication but having multiplication twisted by a generic parameter t. This is a special case of the results of [Nak03b, Nak03a, Nak04, Her04, KN12] expressed in terms of Kashiwara's variation of Nakajima monomials. The kernel of the appropriate parameterized R-matrix is generated by
Note that we can construct the elements of K by taking all twisted commutators for the q, t-character, where we consider ⊗ as multiplication. Figure 4) . The graded
2,1 . By considering the (graded) decomposition into U q (sl 3 )-crystals, we get the same decomposition (after t → t 2 ) as computed by [Nak03b, Nak03a, Nak04, Her04] (note that we are using different Nakajima monomials). This correspondence is an example of the results of [KN12] . However, if we take the quotient of the graded q-character generated by K (with replacing ⊗ by ·), we obtain
which is the graded q-character of M 1,2 . 
2 .
Our construction works because B 1,1 in type A
n "follows" our orientation of the Dynkin diagram. More generally, in order to construct M 1,1 , we need to take a quotient of a level-zero crystal M(m),
where m is some monomial whose weight is of level 0. For example, in type C Additionally, the quotient of the kernel of the parameterized R-matrix corresponding to B 1,1 ⊗B 1,1
gives rise to a twisted commutator in type A
n . Therefore, we expect that by considering the variables in M 1,1 as non-commuting variables and then taking an appropriate quotient by the kernel of the R-matrix, we could construct general B r,s for all affine types. Furthermore, by relating the extra parameter in the kernel to energy, we expect to recover the results of [KN12] that relate the q, t-characters of standard modules to those of simple modules. Indeed, for the type C
(1) 2 case considered above, if we add the grading by energy in M 1,1 · M 1,1 , then we obtain 14 elements. However, if we additionally quotient by the kernel of the R-matrix, we can construct a Nakajima monomial realization of B 1,2 .
Appendix A. Examples with SageMath
We give some examples using SageMath [Dev16] using the crystal of Nakajima monomials implemented by Ben Salisbury and Arthur Lubovsky.
We construct B 1,2 for sl 5 as given in Section 4: 
